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INTRODUCTION 
Let R be a right noetherian ring with unit element 1. A function 1 that 
assigns to each finitely generated right R-module M a nonnegative integer 
A(M) such that 1(M)=J(K)+i(L) for each short exact sequence 
0 + K-+ M + L + 0 of finitely generated right R-modules is called an 
additive rank function. In [2], we have shown that such a function can be 
decomposed as a linear combination with nonnegative integers as coef- 
ficients of certain basic additive rank functions, called atomic rank func- 
tions, that arise from the minimal prime ideals of the ring R. The atomic 
rank function pP belonging to the minimal prime P is defined as follows. 
Let N be the nilpotent radical of R, let k be its index of nilpotency, and let 
Q(R/P) denote the classical Goldie quotient ring of R/P. For a finitely 
generated right R-module M set 
p,(M) = $, length (MN’-‘/MN’) @ Q(R/P) 
( 
. 
R/N 
For any additive rank function 1 the set b(A) = {A E RR 1 A(R/A) = 0} is a 
Gabriel filter on R such that any chain of b(A)-closed submodules of a 
finitely generated right R-module M is finite. The modular lattice of b(A)- 
closed submodules of M has thus finite length /i@(l))(M). We show that 
/l@(d)) is an additive rank function for R, and that if A= C kPpp, where 
P runs through the set of minimal primes of R, then /i(b(l)) = 
xP min( 1, kp) pp, that is, A@(A)) is the sum of those atomic rank 
functions that appear with nonzero weight in the decomposition of i. 
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Conversely, we show that for any Gabriel filter B of right ideals of R with 
descending chain condition for b-closed right ideals t e length A(b)(M) of 
the modular lattice of b-closed submodules of a finitely generated right 
R-module M is finite, and that /i(b) is an additive rank function decom- 
posable as n(b) = xPgb pPV and satisfying b(n(b)) = b. 
As an application, we examine the additive rank function r(M) L- 
dim(M) - dim(Z,(M)), introduced by Goldie [I ] in 1964, and show that 
it can be decomposed as the sum of those atomic rank functions that arise 
from minimal prime ideals which are not essential as right ideals of R. 
DEFINITIONS AND NOTATIONS 
AII rings considered are associative with unit element 1, and modules are 
unitary right modules. For standard terminology the reader is referred to 
the book by McConnell and Robson [3]. 
minspec(R) set of minimal prime ideals of the ring R. 
Ass(M) set of associated prime ideals of the right R-module M. 
dim(M) uniform dimension of the right R-module P&. 
p(M) reduced rank of the right R-module M. 
%{I) set of elements of R that are regular moduio the ideal P. 
t(X) (I. E R / Xr = 01, where X is a subset of the module LV. 
rCm + IV) (1. E R / rnr E Nj, where m + N is a coset of the submodule It: 
2(M) (~2 E Ml I(W) is an essential right ideal) = singular submodule 
of the right R-module 1M. 
Z,(M) inverse image in M of 2(M,/Z(M)), 2,(M)/2(L%4)= 
2( M/Z( Al)). 
N nilpotent radical of the ring R = intersection of all primes. 
pP atomic rank function associated with the minimal prime idea1 
P. 
1. BASE FACTS ON GABRIEL FILTERS 
Most of this section is folklore, and some items have been included oniy 
to make this note self-contained. A good source of information is the book 
by Stenstrijm [4]. although some of the terminology is different, for exam- 
ple, topologizing filters are called topologies, and Gabriel filters appear 
under the name of Gabriel topologies. 
DEFINITION. A topologizirzg filter b on the ring R is a nonempty set of 
right ideals such that 
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(Tl) If AEb and BzA, then BEb. 
(T2) If A, BEb, then AnBeb. 
(T3) If AEb, then h(~+ A)E~ for all XE R. 
Associated with a topologizing filter b on R is a closure operation b-cl 
(or simply cl if there is no danger of confusion). 
DEFINITION. Let b be a topologizing filter on R, and let N be a 
submodule of the right R-module M. The submodule 
cl(N) = cl,(N) = b-cl,JN) = (m E Ml e(m + N) E b} 
is called the b-closure or simply closure of N in M. If N= cl,,(N), then N 
is called closed in M. 
Note that for a submodule N of a right R-module M the submodule 
clJN) need not be closed, the topologizing filter of all essential right ideals 
being the standard example. However, Gabriel filters are characterized by 
the fact that the closure of any submodule of a module is always closed. 
1.1. LEMMA. Let b be topologizing Jilter on R, and let N be a submodule 
of the right R-module M. Then ti(m+cl,,(N))=cl,(,z(m + N)) for any 
mEM. 
Proof We have that SE: #(m + cl(N)) iff msD G N for some DE b, iff 
SD z r(m + N) for some D E b, iff s E cl(&(m + N)). 
If b and e are topologizing filters on R, then the set eb = {A c R, 1 
b-cl(A) E e} is also a topologizing filter on R. 
DEFINITION. A topologizing filter b is called idempotent or a Gabriel 
filter if b = b’ = bb. 
1.2. LEMMA. The following conditions are equivalent for a topologizing 
filter b on R. 
(a) b is a Gabriel filter. 
(b) cl(cl(N)) = cl(N) f or any submodule N of a right R-module M. 
Proof (a) --, (b): Let m E cl(cl(N)), so mD E cl(N) for some DE& so 
cl(+(m+N))=k(m+cl(N))Eb by Lemma 1.1. Thus *(m+N)Eb2=b, 
hence m E cl(N). 
(b) + (a): Let cl(A) ~b for a right ideal A of R. Then S(S+ cl(A)) E b 
for every s E R, whence R = cl(cl(A)) = cl(A), so A = 2( 1 + A) E b. 
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Let b be a Gabriel filter on R, and let M be a right R-module. The sit 
&(M) of all closed submodules of M is a modular lattice under the opera- 
tions (see [4, Proposition 4.11) 
c, A c~=C,nC~ and c, v c, = cl(C, + Cz), c,, CzEQ(ME. 
In general, if N is a submodule of M, then Cr(Nj is not a sublattice of 
E(M), unless N is a closed submodule of M. owever, we have the follow- 
ing. 
8.3. LEMMA. Let b be a Gabriel filter on the ring R. /et M be a right 
R-module, and let N be a submodule of Me. Then there exists a /a?tice 
isomorphism from 6(N) onto the sublattice E(cl(N)) qf E(M). 
Prooj1 Define $: 6(N) --) &(cl(N)) by $(C) = cl&C) and q3 :&(cl(N)) 
--f K(N) by 4(D) = D n N. Obviously, Q and tj are order-preserving maps. 
Now, 
and 
($4)(D) = $(D n N) = c~,~~(D n N) =c~,~.,(D) n c!,(NP = D 
for all DE c-C(cl(N)) 
(~~)(C)=~(~i,~(C))=~i~~(C)nN={n~N~nDcCforsomeD~bj 
= cl,(C) = c for all C E E(lLr), 
and this proves the result. 
1.4. PROPOSITION. Let b be a Gabriei jilter on the right noelherian ring 
R. L” R satisfies rhe descending chain condition for closed right idea/s, then 
every finite/y generated right R-module M satisfies the descending chain 
condition on closed submodules. 
ProojI Note first that the hypothesis yields the result whenever M is 
cyclic. Proceeding by noetherian induction, we assume that the result is 
true for every proper homomorphic image of M. Let m E M, and let 
M=Co3C,3 . . . 3C,p,3Ce,2mR 
be a maximal chain of closed submodules between A4 and mR. Note that 
C, = cl(mR). Since mR is cyclic, there exists a finite maximal chain 
mR=D,,IDD,,,x ... 3D,,+k-I~D,i+k~0 
of modules that are closed in mR. Set C, + I = cl,(D, + !), 0 < i < k, and note 
that Dnfi= C, f i n mR. Thus it follows from Lemma 1.3 t 
M=C’,,IC~~ ... xC,,=cl(mR)~C,+,zJ -.: ~C,+~=c1(0)28 
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is a maximal finite chain of closed submodules of M. Since the lattice K(M) 
is modular, all maximal chains of closed submodules of M have therefore 
the same finite length. 
DEFINITION. Let b be a Gabriel filter on the right noetherian ring R 
with descending chain condition for closed right ideals. The b-length 
n(b)(M) of a finitely generated right R-module M is the length any maxi- 
mal chain of b-closed submodules of M. 
Although we shall not make use of it later on, we note that b-torsionfree 
modules satisfy the Gabriel H-condition. 
1.5. PROPOSITION. Let b be a Gabriel filter on the ring R such that R 
satisfies the descending chain condition for closed right ideals. Let M be a 
right R-module that is b-torsionfree, that is, no nonzero element of M is 
annihilated by a right ideal in b. Then there is a finite set I and elements 
~~~111, igZ, such that t(M)= niEI,a(mi), 
Prooj Since A4 is torsionfree, nzR 2: R/.2(m) is torsionfree for each 
n2 E A4, so cl(a(m)) = P(M), so each t(m) is closed. Since t(M) = nnlEM i(m), 
and since finite intersections of closed right ideals are closed, the result 
follows from the descending chain condition for closed right ideals. 
2. GABRIEL FILTERS ARISING FROM ADDITIVE RANK FUNCTIONS 
2.1. PROPOSITION. Let A be an additive rank function for the right 
noetherian ring R, and let b(1) = {A E R, 1 ,I(R/A) = O}. Then 
(a) b(J) is a Gabriel filter on R. 
(b) R satisfies the descending chain condition for b(l)-closed right 
ideals. 
ProoJ: (a) If A~b(1) and A’?A, then A(R/A’)<l(R/A)=O, so 
A’ E b(1). If A,, A, E b(l), then, as R/A, n A, embeds in R/A, @R/A,, 
so A, n A, E b(A). Thus b(1) is a filter. If A E b(A), SE R, then 
;I(R/z(s + A)) = A(sR + A/A j < A( R/A) = 0, 
so /G(s+ A)eb(J). Thus b(l) is a topologizing filter. Finally, to show that 
b(2) is a Gabriel filter, let cl(A) E b(l). If x E cl(A), then XD s A for some 
DE b(1), so 2(x + A) E b(l), whence ;l(xR + A/A) = A(R/r(x + A)) = 0. By 
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additivity of 1, since cl(A)/A is finitely generated as a right R-module, 
A(cl(A)/A) = 0, so that A(R/A) = A(R/cl(A)) i I(cl(A)/A) = 0 + 0 = G, 
whence A E b(A). 
(b) If XE Y are right ideals with i( 37X) = 0, then 
A(R/fi(y $A-)) = i(yR + 2&/X) d .A( qxi = 0 
for all )’ E I’, so z(J’+X)E~(A), and Yccl(X) follows. Thus, if A s B are 
b(A)-closed right ideals, then J(A) < /z(B), and the resuh fo’oilows as the 
range of the function 1 consists of nonnegative integers. 
2.2. LEMMA. Let ,LI and 11 be additive rank ~~~mzions for the right 
noetherian ring R, and let m be a positive integer. Then 
(bj b(p+~j=b(p)nb(~). 
(b) A~b(p++l) iff ~(R:A)+v(R,IA)=(~~+-tl)(R:IA)=O, Sp(RjA]= 
v(R.:‘A) =O, iff A~b(p) n b(v). 
2.3. THEOREM. Let R be a right noetherim ~ir~g, and let ,i = 
c pEmiilSpeciRj k,p, be at1 additive rank function jYor R. Then 
Ca) 8(/1)=n,,,,b(p,)={AcR,/2(s+A)r,~(r),,,,P)#(Zifo~ a/l 
sdi). 
(Is ) For any finiteIy generated right R-module M 
4b(~)NW= c PAW= c mintl, k,) pp(M)~ 
lip f 0 P t mmrpect R) 
ProojI (a) Follows immediately from the preceding lemma and the 
fact that p,(R/A) = 0 for a right ideal A iff for each s E R there exists an 
element c, E %‘(I’) such that SC, E A (see [2, Proposition 2.21). 
(b\ For ease of notation set 3L’=xkP+0 pp. Let 
M=Xo3X,3 ..* 3xi3xiti3 ‘.’ 3;1’Ir30 
be a maximal chain of b(A)-closed submodules of M, where n = 
A(b(A))(M). Since X, = cl(O) is b(l)-torsion? A’(rC,) d A(X,J = 0, so the 
result will follow if we can show that 3.‘(Xi/Xj+ ,) = 1 for each i, 
Odidn-1. For this set Y=Xi/XitI, and let O#UG Y be a uniform 
submodule of Y such that JZ( U’) = t(U) = P E .Ass( Y) for all 0 + U’ c_ LT. TE 
P was not a minimal prime ideal, then P n e’(N) P a, so p( CT) = 0, hence 
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d(U) = 0 would follow by [2, Lemma 1.31. However, as b-cl,,,+,(U) = Y, 
3L( Y/U) = 0, so it would follow that J(Y) = 0, implying that Xi c cl(X,+ i) = 
xi+15 an obvious contradiction. Thus P is a minimal prime. Now, 
pa(U) = 0 for all minimal primes Q # P, but pp( U) Z 0, for otherwise we 
would have that ;i( U) = CPEminspec(Rj k,p,( U) = 0, which has been ruled 
out. Since the uniform R/P-module U is thus not V(P)-torsion, it is 
isomorphic to a uniform right ideal of R/P, whence pp( V) = 1, and conse- 
quently Iz’( U) = 1. As A’( Y/U) < A( Y/U) = 0, it thus follows that n’(Y) = 1. 
3. ADDITIVE RANK FUNCTIONS ARISING FROM GABRIEL FILTERS 
In this section we show how a Gabriel filter b on a right noetherian ring 
R that satisfies the descending chain condition for b-closed right ideals 
gives rise to an additive rank function which, in the process, is decomposed 
into a sum of atomic rank functions. 
3.1. THEOREM. Let b be a Gabriel filter on the right noetherian ring R, 
and assunle that R satisfies the descending chain condition for b-closed right 
ideals. Then 
(a) A(b) is an additive rank function. 
(b) b(/t(b)) = b. 
lc) A(b) = CPeminspec(R);b PP. 
ProoJ: (a) By Proposition 1.4, the modular lattice of b-closed 
submodules of any finitely generated right R-module M has finite 
length A(b)(M). Let N be a submodule of M. Trivially, /i(b)(M)= 
cl(b)(M/cl(N)) + /i(b)(cl(N)) and n(b)(M/N) = n(b)(M/cl(N)). Since also 
n(b)(N) = n(b)(cl(N)) by Lemma 1.3, cl(b) is thus seen to be an additive 
rank function. 
(b) A l b(n(b)) iff A(b)(R/A)=O, iff b-cl(A)= R. Since REP, this 
happens if and only if A E b, since b is a Gabriel filter. 
(c) Let J.=x PEminspec(R)‘,,b pp. Then n(b(l)) = 2 by Theorem 2.3, so 
we only have to show that b = b(1). Now, by Lemma 2.2, b(l)= 
n PEminspec(R)\>b b(p,). If A ~b, then ‘G(s+ A) ~b for all SER. Let P be a 
minimal prime, P 4 b. If ti(s + A) + P/P was not essential in R/P, then some 
uniform right ideal U/P of R/P would embed in R/.E(s + A) + P, so it would 
follow from [2, Lemma 1.2(b)] that 
implying that P E b. This contradiction shows that t(s + A) n g(P) # @ for 
all SE R, whence p,(R/A) = 0 by [2, Proposition 2.21, so A E b(p,). Thus 
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b ~b(1). Assume the inclusion to be proper, and let A be a right idesi 
which is maximal with respect to pP( R/A) = 0 for ail minimal primes P $5, 
yet A I$ 5. Let Q E Ass(RjA), Q = z(B,iA) for a right ideal Bg .4. Ther, 
p,(R,‘B) = 0 for all minimal primes P $ b, so BE b by the maximality of A. 
Since b is idempotent, r(b +A)$b for at least one 6~ B. Let P be a 
minimal prime, P c Q c ,2(b + A). so P $ b. Since p,(R/A) = 0: t(S + -4 j n 
%(P)#a> so 2(b+A)/P is essential in R/P. By [Z, Lemma l.l] it follows 
that /i(b)( R,‘t(b + A) j = 0, so t(b + A) E b. This contradiction proves the 
claim. 
As an application we consider the additive rank function 
r(M) = dim(M) - dim(ZJM)) 
introduced by Goldie [l] in 1964. This function constiruted the basis for 
Goldie’s original definition of the reduced rank, and indeed r coincides wit 
the reduced rank whenever the ring is semiprime. owever, in general, 
Y # p, since obviously r(U) = 0 or 1 whenever i; is a uniform module. We 
wish to determine the decomposition of I’ in terms of atomic ranks. Fcr 
this, we determine the corresponding Gabriel filter D(r) and t 
Theorem 3.1. 
For the following, let e denote the topologizing filter (this is not a 
Gabriel filter!) of all essential right ideals of R. We se1 cl = e-c1 and observe 
that Z(M) = cl(O), Z2(M) = cl(cl(O)), and also that ch(ci(cl(N)j) = cljci(N)) 
by [I, Lemma 2.21 for any submodule N of a right R-module M Now. 
A E h(r j iff r(R/A) = 0, iff Z,( R/A j = ci(cl(A ))/A is essentiai in &‘A, iI? 
!A = ci(cl(cl(A)))/A = cl(cl(A))/,4, iff i(s + cl(A jj E c for all s E R. 
owever, if this is the case, then cl(A) = ?(I + cl(A)) E e, Conversely, if 
clue, then +(~-tcl(.4))~e for all SER. Thus A~b(r-) if and only if 
cl(A I E e, so b(r) = ei. By definition of r, any finitely generated righi 
R-module Al has an essential submodule of the form IV= Z?(M)@ 
U, @ I . @ C::,., where I’ = r(M) and each Ui is uniform and obviously 
b(T)-t0IXiOIIfree. Now, b(u)-cl(N) = cl(cl(N)) = c!(M) = M, SO cl(b(rj)(bq = 
4(b(r)j(N) by Lemma 1.3. The chain 
is easily seen to be a maximal chain of b(r)-closed submodules of N, so 
~(~(~)j(~~j = .4@(r))(N) = r. It now follows from Theorem 3.1 that 
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Now let P be a prime ideal. If P $ b(v), then P is obviously not essential in 
R,. Conversely, assume that P is not essential, and assume that Ps cl(P). 
Since cl(P) is readily seen to be a two-sided ideal, cl(P)/P is essential in 
R/P, so cl(P) contains an element c E %( P). Since c E cl( P), P = +T(C + P) 
would thus be essential in R,. Since P was chosen not to be essential, it 
follows that cl(P) = P, so b(r)-cl(P) = cl(cl(P)) = P # R, so P # b(r). Thus 
we have proved 
3.2. PROPOSITION. If r(M) = dim(M) - dim(Z,(Mj) for etler~ finite/l 
generated right module M over the right noetherian ring R, then r = C pp, 
where P runs through the minimal primes that are not essential in R,. 
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